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Introduction

We have studied various behaviours of Euler functions, among
which we have defined the derived logarithmic function L of the
Euler function φ, investigated various properties of L and L, φ, and
proposed some problems such as the abc-conjecture (unresolved)
on L.[9, 20, 23]．

The abc conjecture on L� �
The following inequality holds for abc−triple.

max(L(a), L(b), L(c)) ≦ 2L(rad (abc))� �
Verified for n ≦ 5 · 108. More than two present except for n = 9, 25, 121, a stronger

conjecture than Brocard’s.

There exists a prime between φ(n) and n.� �
For natural numbers n > 1, there are primes in the interval
(φ(n), n].� �
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Introduction

By the way, Euler’s iteration of the φ function is well known for the
iteration of number-theoretic functions.
It is noted that if “n > 1” for the φ function, then φ(n) < n”, and if we
write φk(n) = φ(φk−1(n)) (k > 1).

φ(n), φ(φ(n)), φ(φ(n)), · · · , φℓ(n), · · ·

and φ acting finitely many times shows that for any natural number
n > 1, there always exists some natural number m such that
φm(n) = 1.
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Introduction

The nature of m was first investigated by S.S.Pillai (1929) and then
by H.Shapiro (1943), and without knowing the results of H.Shapiro
(partly due to the background of insufficient literature exchange), it
was not until 1954-1955 that the results of H.Lindgren and
E.S.Barnes (1955-1955) and Murr?anyi (1960) were studied in
more detail. H.Lindgren, E.S.Barnes and Mur?anyi?citeL1,B in
1954-1955 and again in 1960, without knowledge of H.Shapiro’s
results.
Also, inspired by the results of H. Shapiro, P. Erdös, A. Granvilie, C.
Pomerance, C. Spiro, P. Pollack and many other mathematicians

have investigated the average of φk(n),
∑

φk(n),
∏

φk(n),
φk

φk+1 (n)

and other properties are investigated
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Derived logarithmic functions by iteration

The content of the iteration which S.S.Pillai started to investigate
can be summarised by the following result. For a natural number x,
the smallest integer m such that φm(x) = 2 is denoted by C(x)
according to H.Shapiro[14] and C(1) = C(2) = 0. In this case, we
have

Theorem

(Shapiro[14, 16]) For any natural number x, y.

C(xy) = C(x) +C(y) + ϵ(x, y)

holds, where

ϵ(x, y) =
{

1 (x, y both even)
0 ( otherwise )
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Derived logarithmic functions by iteration

Later, in 1950, H.Shapiro[15] further defined the following number

theoretic function for the prime factorisation of n =
r∏

i=1

pei
i for n > 1,

which is

Definition

(Shapiro[15])

f (n) =
r∏

i=1

f (pi)(A(pi))ei−1

However, f (pi), A(pi) is a natural number such that
0 < f (pi) < pi, 0 < A(pi) ≦ pi, f (2) = 1, A(2) = 2.

H.Shapiro[15] gives f (pi) with
f (pi) = pi−1 (i > 1), f (p1) = f (2) = 1 as a simple example[16].
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Derived logarithmic functions by iteration

Using this f , k f (1) = k f (2) = 0 for k = k f (x) such that f k(x) = 2 for
x > 2, the following results were obtained.

Theorem

(Shapiro[15, 16, ?]) If c f (x) is defined as

c f (x) =
{

k f (x) x : odd
k f (x) + 1 x : even

A logarithmic relational expression holds for c f (x).

c f (xy) = c f (x) + c f (y)
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Derived logarithmic functions by iteration

As we have seen from the above, if we are not fixated on the
number of times to reach 1 or 2 in the quasi-logarithmic relational
expression for C(x) above, or on the evenness of n as in c f (x), we
can review C(x), c f (x) and define L(x) as follows, which is fully
logarithmic relation is obtained.
This was also noticed by H. Lindgren[6] and Yamashita[19].
The essential part remains the same, but there are subtle
differences in how logarithmic/quasi-logarithmic relations are
handled and generalised, described as follows.
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Derived logarithmic functions by iteration

Definition

Define L(x) as follows

L(x) =

 L(1) = 0
L(φ(x)) ( x is odd)
L(φ(x)) + 1 ( x is even)

In this case, for any natural number x, y, we have

L(xy) = L(x) + L(y)

holds.
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Derived logarithmic functions by iteration

On the other hand, Miyata-Yamashita [8] discards
even-oddness and obtains the following theorem by defining f as
follows.

Before that, let us extend the Euler function φ from a different
point of view.

Definition

(Miyata - Yamashita[8]) Let P, N be the set of prime numbers
and the set of natural numbers, respectively, and the function
f : P −→ N satisfy 1 ≦ f (p) < p ( p ∈ P ). In this case, the
Eulerian function φ f (x) that depends on f is

φ f (x) = x
r∏

i=1

f (pi)
pi

φ(x) = x
r∏

i=1

(pi − 1)
pi


where x = pe1

1 pe2
2 · · · p

er
r .
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Derived logarithmic functions by iteration

Using the φ f dependent on f , the function L f is defined as

Theorem

(Miyata-Yamashita[8])

L f (1) = 0

L f (x) = L f (φ f (x)) + #
∣∣∣ { p ∈ f −1(1) | p|x }

∣∣∣
Then, for any natural number x, y, we have

L f (xy) = L f (x) + L f (y)

holds.

is obtained. This L f gives rise to a logarithmic function of
even-oddness discarded form.
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Derived logarithmic functions by iteration

Also, for L(x) up to now, the following simple evaluation has been
obtained.

Proposition

（Shapiro, et al.[14, 10, 8, 20]）

log3 x ≦ L(x) ≦ log2 x
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ψ0 function and its derived logarithmic function Lψ0

ψ0function and its derived logarithmic function Lψ0

Let us now define the ψ0 function, a variant of Dedekind’s ψ
function. As n =

∏
pei

i .

Definition

ψ0(n) =


1 ( n = 1 )∏

i

pei−1
i

⌊
pi + 1

2

⌋
( n > 1 )
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ψ0 function and its derived logarithmic function Lψ0

The ψ0 function values for primes less than or equal to 113 are as
follows.

Table of ψ0(prime) from 2 to 113
p 2 3 5 7 11 13 17 19 23 29
ψ0 1 2 3 4 6 7 9 10 12 15
p 31 37 41 43 47 53 59 61 67 71
ψ0 16 19 21 22 24 27 30 31 34 36
p 73 79 83 89 97 101 103 107 109 113
ψ0 37 40 42 45 49 51 52 54 55 57
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ψ0 function and its derived logarithmic function Lψ0

Our function ψ0 satisfies the assumption on f in our theorem. The
value of Lψ0 derived from ψ0 under 100 is as follows.

Table of Lψ0 from 1 to 100
n 1 2 3 4 5 6 7 8 9 10

Lψ0 0 1 1 2 1 2 2 3 2 2
n 11 12 13 14 15 16 17 18 19 20

Lψ0 2 3 2 3 2 4 2 3 2 3
n 21 22 23 24 25 26 27 28 29 30

Lψ0 3 3 3 4 2 3 3 4 2 3
n 31 32 33 34 35 36 37 38 39 40

Lψ0 4 5 3 3 3 4 2 3 3 4
n 41 42 43 44 45 46 47 48 49 50

Lψ0 3 4 3 4 3 4 4 5 4 3
n 51 52 53 54 55 56 57 58 59 60

Lψ0 5 4 3 4 3 5 3 3 3 4
n 61 62 63 64 65 66 67 68 69 70

Lψ0 4 5 4 6 3 4 3 4 4 4
n 71 72 73 74 75 76 77 78 79 80

Lψ0 4 5 2 3 3 4 4 4 4 5
n 81 82 83 84 85 86 87 88 89 90

Lψ0 4 4 4 5 3 4 3 5 3 4
n 91 92 93 94 95 96 97 98 99 100

Lψ0 3 5 4 5 3 6 4 5 4 4
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ψ0 function and its derived logarithmic function Lψ0

For Lψ0 , as for L(x), our abc-conjecture (verified for c < 230) is
considered (c < 230, [9]), but for Lψ0 , each value of abc−triple etc.
in the range c < 105 on a PC experiments show that four
counterexamples already exist, as follows. Therefore, the
conjecture does not hold as it is, but further experiments are
needed to see if it is possible to replace “2” on the right-hand side
of the abc-conjecture for L by a larger number. (In the PC
experiment, it holds for “3”.)

a b c Lψ0(rad abc) Lψ0(a) Lψ0(b) Lψ0(c)
3 53 27 3 1 3 7
35 5 ∗ 192 211 4 5 6 11
7 1812 215 7 2 8 15
73 310 211 ∗ 29 6 6 10 14
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ψ0 function and its derived logarithmic function Lψ0

Programs checked (Python)

from math import gcd

N = 10**5

f = [i for i in range(N)]

rad = [1]*N

Lf = [0] * N

for i in range(2, N):

if f[i] == i:

for j in range(i, N, i):

f[j] = f[j]//i * ((i+1)//2)

rad[j] *= i

for i in range(2, N):

if i % 2 == 0:

Lf[i] = Lf[f[i]] + 1

else:

Lf[i] = Lf[f[i]]

for c in range(1, N):

for a in range(1, c//2+1):

if gcd(a,c) == 1:

b = c - a

q = Lf[c]/(Lf[rad[a]]+

Lf[rad[b]]+

Lf[rad[c]])

if q > 2:

print((a,b,c), q)
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ψ0 function and its derived logarithmic function Lψ0

Also, for the evaluation of Lψ0 corresponding to the proposition3.7
from above

Lψ0(x) ≦ log2 x

is obvious, but if we consider the evaluation from below by
mimicking L(x), Lψ0(x) = 1, since x such that x = 2, 3, 5, we obtain

Lψ0(x) ≦ n⇔ x ≦ 5n ⇔ log5 x ≦ Lψ0(x)

is expected, e.g.

Lψ0(73) = Lψ0(37) = 2 when 37, 73 ≦̸ 52

No evaluation from below for Lψ0(x) is currently available, as the
easy conjecture does not hold,
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Issues for the future

How far up the ”2” on the right-hand side can be raised by the
abc conjecture for Lψ0?

Computation of the Dirichlet series L(s, ψ0) of ψ0.

L(s, ψ) =
ζ(s)ζ(s − 1)

ζ(2s)

Can it be expressed using ζ(s) in the same way as

Determination of the valuation from below for Lψ0(x).
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Thank you for your kind attention.
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