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Abstract—At first we review the properties of the derive
logarithmic function L, and we state theabc conjecture for L
of Euler function φ. Thus we proved the abc conjecture for L
holds for some cases.

I. Introduction

The study of the arithmetic function arising of the Euler
φ(n) function, representing the number of natural numbers
relatively prime to given,n has been done by some researchers,
for example by Pillai [7][8], Shapiro [6] and Murányi [5].
Let φn(x) be the iteratedφ function such thatφ1(x) = φ(x),
φn(x) = φ(φn−1(x)), and letC(x) denote the smallestk satisfy-
ing the conditionφk(x) = 2 for x ≥ 3 andC(1) = C(2) = 0.

Theorem 1:(Shapiro [6], [4], Muŕanyi [5]) For two inte-
gersx andy, if either x or y is odd

C(xy) = C(x) +C(y),

and if bothx andy are even

C(xy) = C(x) +C(y) + 1.

In 1971, one of authors has introduced the notion of the
derived logarithmic functionL of Euler functionφ.

Definition 2: (Yamashita1) The “derived logarithmic func-
tion L” of Euler functionφ is defined by

L(x) =

{
L(φ(x)) x is odd
L(φ(x)) + 1 x is even

,

whereL(1) = 0.

Since the Euler functionφ is monotonically decreasing
function of n, the function with recursive definition in the
formula above is well-defined.

Then, showed the next property forL.

1Private Communication between Yamashita and Tsukuba Univ. Prof.
Dr. Uchiyama S. :On a derived logarithmic function of an Euler’s function,
1977.9.10. Yamashita knew the works of Pillai and Shapiro for the fiorst time.

Proposition 3: (Yamshita) Forx, y ∈ N , the set of natural
numbers,

L(xy) = L(x) + L(y)

We extended the range of the functionL from N to Q,
whereQ is the set of rational numbers, by

L

(
x
y

)
= L(x) − L(y), where

x
y
∈ Q

.

II. The properties of derived logarithmic function L f of

Euler function φ f

In 2001, we also generalizedPropotion3.

Proposition 4: (Miyata, Yamashita [3]) LetP be the set
of prime numbers andf : P → N be a function such that
1 ≦ f (p) < p and we define

φ f (x) = x
r∏

i=1

f (pi)
pi
,

wherex = pe1
1 pe2

2 · · · p
er
r , and

L f (1) = 0

L f (x) = L(φ f (x)) + #{p ∈ f −1(1) : p|x}.

Then, we have

L f (xy) = L f (x) + L f (y).

Proof.
Using an induction argument onx = pe1

1 pe2
2 · · · p

er
r , it is

sufficient to show

L f (x) = e1L f (p1) + e2L f (p2) + · · · + er L f (pr )



α := #{p ∈ f −1(1) : p|x}・C

L f (x) = L f (φ(x)) + α

=

r∑
i=1

(ei − 1)L f (pi) +
r∑

i=1

L f ( f (pi)) + α

=

r∑
i=1

(ei − 1)L f (pi) +
r∑

i=1

L f (pi) − α + α

=

r∑
i=1

eiL f (pi)

□

We notice that if f (p) = 1 then L f ( f (p)) = 0, else
L f ( f (p)) = L f (p) for p ∈ P.

III. The abcconjecture for L

Let rad(x) be a radical ofx, that is if x = pe1
1 pe2

2 · · · p
er
r

then rad(x) = p1p2 · · · pr . Using the computer resources, we
verified the followings,

Proposition 5: Let a,b, c ∈ N be relatively prime numbers
satisfyinga+ b = c. If c ≦ 105, then

max(L(a), L(b), L(c)) ≦ 2 · L(rad(abc))

The following is an immediate result to 2 and show a
property ofL.

Lemma 6:For x ∈ N ,

1) if L(x) ≧ n, then x ≧ 2n

2) if L(x) ≦ n, then x ≦ 3n

Corollary 7:

1) if x ≦ 2n, thenL(x) ≦ n

2) if x ≧ 3n, thenL(x) ≧ n

Lemma 8:For all natural numbers x, y satisfying
max(L(x), L(y)) ≧ 3,

L(x+ y) ≦ 2 ·max(L(x), L(y))

Proof.
By Lemma6, x ≦ 3L(x) andy ≦ 3L(y),

x+ y ≦ 3L(x) + 3L(y) ≦ 2 · 3max(L(x),L(y))

≦ 22 max(L(x),L(y)). (1)

Thus, byCorollary 7,

L(x+ y) ≦ 2 ·max(L(x), L(y))

□
The nextLemmais proved in the same way as discussed in
the proof ofLemma8.

Lemma 9:For all natural numbersx > y,

L(x− y) ≦ 2L(x)

Corollary 10: For all natural numbersx, y, z, x′, y′, z′, If x+
y− z> 0

L(x+ y− z) ≦ 2 ·max(L(x), L(y)).

If x′ − y′ − z′ > 0

L(x′ − y′ − z′) ≦ 2L(x′)

Proposition 11: Let a,b, c ∈ N be relatively prime num-
bers satisfyinga+ b = c. If φ(a) + φ(b) = φ(c), then

max(L(a), L(b), L(c)) ≦ 2L(rad(abc))

Proof.
From a+ b = c andφ(a) + φ(b) = φ(c),

aφ(c) − cφ(a) + bφ(c) − cφ(b) = 0,

and

ac

(
φ(c)

c
− φ(a)

a

)
= bc

(
φ(b)

b
− φ(c)

c

)
.

If
φ(b)

b
=
φ(c)

c
,

then it contradicts to the assumption thatb andc is relatively
prime. Thus we have that

φ(b)
b
,
φ(c)

c
,

and
φ(c)

c
,
φ(a)

a
.

Therefore

a
b
=

φ(b)
b
− φ(c)

c
φ(c)

c
− φ(a)

a

=

rad(abc)

(
φ(b)

b
− φ(c)

c

)
rad(abc)

(
φ(c)

c
− φ(a)

a

)
Here, we notice that

rad(abc) · φ(a)
a
, rad(abc) · φ(b)

b
, rad(abc) · φ(c)

c
∈ N

and

L

(
φ(a)

a

)
, L

(
φ(b)

b

)
, L

(
φ(c)

c

)
= 0 or 1.

Since
a
b

is ireducible,

a
∣∣∣∣ rad(abc)

(
φ(c)

c
− φ(a)

a

)
= rad(abc)

φ(c)
c
− rad(abc)

φ(a)
a
. (2)



Therefore, by Lemma8, we see that

L(a)2 ≦ L(rad(abc)).

Similarly,
L(b) ≦ 2L(rad(abc)).

Moreover, we notice that

c
b
=

φ(a)
a
− φ(b)

b
φ(a)

a
− φ(c)

c

=

rad(abc)

(
φ(a)

a
− φ(b)

b

)
rad(abc)

(
φ(a)

a
− φ(c)

c

) .
Finally we have

L(c) ≦ 2L(rad(abc)).

□

Proposition 12: Let a,b, c ∈ N be relatively prime num-
bers satisfyinga+ b = c andφ(a) + φ(b) < φ(c). If a = rad(a)
then

max(L(a), L(b), L(c)) ≦ 2 · L(rad(abc))

Proof.
We may assume thatL(a), L(b), L(c) ≧ 3 by Proposition

9 and thatφ(a) + φ(b) + d = φ(c), whered > 0.
By the proof ofProposition11, we see that

b
a
=

φ(c)
c
− φ(a)

a
− d

a
φ(b)

b
− φ(c)

c

=

rad(abc)

(
φ(c)

c
− φ(a)

a

)
− rad(abc)

d
a

rad(abc)

(
φ(b)

b
− φ(c)

c

) ,

c
a
=

φ(b)
b
− φ(a)

a
∓ d

a
φ(b)

b
− φ(c)

c

=

rad(abc)

(
φ(b)

b
− φ(a)

a

)
− rad(abc)

d
a

rad(abc)

(
φ(b)

b
− φ(c)

c

) .

Hence, since rad(a) = a

rad(abc)
d
a
∈ N .

Moreover, since
b
a

and
c
a

are irreducible,

a
∣∣∣∣ rad(abc)

(
φ(b)

b
− φ(c)

c

)
= rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c
,

b
∣∣∣∣ rad(abc)

(
φ(c)

c
− φ(a)

a

)
− rad(abc)

d
a

= rad(abc)
φ(c)

c
− rad(abc)

φ(a)
a
− rad(abc)

d
a
,

and

c
∣∣∣∣ rad(abc)

(
φ(b)

b
− φ(a)

a

)
− rad(abc)

d
a

= rad(abc)
φ(b)

b
− rad(abc)

φ(a)
a
− rad(abc)

d
a
,

Thus, usingLemma 8,

L(a) ≦ L

(
rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c

)
≦ 2 · L

(
rad(abc)

φ(b)
b

)
≦ 2 · L(rad(abc))

and usingLemma 9,

L(b) ≦ L

(
rad(abc)

φ(c)
c
− rad(abc)

φ(a)
a
− rad(abc)

d
a

)
≦ 2 · L

(
rad(abc)

φ(c)
c

)
≦ 2 · L(rad(abc))

L(c) ≦ L

(
rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c
− rad(abc)

d
a

)
≦ 2 · L

(
rad(abc)

φ(b)
b

)
≦ 2 · L(rad(abc)).

□

Proposition 13: Let a,b, c ∈ N be relatively prime num-
bers satisfyinga+ b = c andφ(a) + φ(b) > φ(c). If a = rad(a)
and L(φ(a) + φ(b) − φ(c) ≦ L(a) then

max(L(a), L(b), L(c)) ≦ 2 · L(rad(abc))

Proof.
We may assume thatL(a), L(b), L(c) ≧ 3 by Proposition

9 and thatφ(a) + φ(b) − d = φ(c), whered > 0.



By the proof ofProposition11, we see that

b
a
=

φ(c)
c
− φ(a)

a
+

d
a

φ(b)
b
− φ(c)

c

=

rad(abc)

(
φ(c)

c
− φ(a)

a

)
+ rad(abc)

d
a

rad(abc)

(
φ(b)

b
− φ(c)

c

) ,

c
a
=

φ(b)
b
− φ(a)

a
+

d
a

φ(b)
b
− φ(c)

c

=

rad(abc)

(
φ(b)

b
− φ(a)

a

)
+ rad(abc)

d
a

rad(abc)

(
φ(b)

b
− φ(c)

c

) .

Hence, since rad(a) = a

rad(abc)
d
a
∈ N .

Moreover, since
b
a

and
c
a

are irreducible,

a
∣∣∣∣ rad(abc)

(
φ(b)

b
− φ(c)

c

)
= rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c
,

b
∣∣∣∣ rad(abc)

(
φ(c)

c
− φ(a)

a

)
+ rad(abc)

d
a

= rad(abc)
φ(c)

c
− rad(abc)

φ(a)
a
+ rad(abc)

d
a
,

and

c
∣∣∣∣ rad(abc)

(
φ(b)

b
− φ(a)

a

)
+ rad(abc)

d
a

= rad(abc)
φ(b)

b
− rad(abc)

φ(a)
a
+ rad(abc)

d
a
,

Thus, usingLemma 8,

L(a) ≦ L

(
rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c

)
≦ 2 · L

(
rad(abc)

φ(b)
b

)
≦ 2 · L(rad(abc))

and usingCorollary 10, sinceL(d) ≦ L(a)

L(b) ≦ L

(
rad(abc)

φ(c)
c
− rad(abc)

φ(a)
a
+ rad(abc)

d
a

)
≦ 2 ·max

(
L

(
rad(abc)

φ(c)
c

)
, L

(
rad(abc)

d
a

))
≦ 2 · L(rad(abc))

L(c) ≦ L

(
rad(abc)

φ(b)
b
− rad(abc)

φ(c)
c
+ rad(abc)

d
a

)
≦ 2 ·max

(
L

(
rad(abc)

φ(b)
b

)
, L

(
rad(abc)

d
a

))
≦ 2 · L(rad(abc)).

□

Proposition 14: There are many counterexmples for

max(L(a), L(b), L(c)) ≦ L(rad(abc)).

Example 1:

a b c rad(abc) L(a) L(b) L(c) L(rad)
1 8 9 6 0 3 2 2
5 27 32 30 2 3 5 4
32 49 81 42 5 4 4 4
3 125 128 30 1 6 7 4
7 121 128 154 2 6 7 6

3125 6859 9984 ∗ ∗ ∗ 9 11 12 11
6591 83521 90112 ∗ ∗ ∗ 10 16 16 12

Now, from the results ofPropsitions 5, 11, 12 and 13, we
would propose to state the following conjecture.

Conjecture : Let a,b, c ∈ N be relatively prime numbers
satisfyinga+ b = c. Then

max(L(a), L(b), L(c)) ≦ 2 · L(rad(abc)).

This abc Conjecture for a derived logarithmic functionL of
the Euler functionφ is correct, the proof of Fermat’s Last
theorem becomes much shorter and easier as follows:

We assume that the co-primexp, yp, zp ∈ N satisfy xp +

yp = zp.

If our conjecture is correct,

pL(x) = L(xp) ≦ 2 · L(rad(xpypzp))

= 2 · L(rad(xyz))

≦ 2 · L(xyz) = 2(L(x) + L(y) + L(z))

pL(y) = L(yp) ≦ 2 · L(rad(xpypzp))

= 2 · L(rad(xyz))

≦ 2 · L(xyz) = 2(L(x) + L(y) + L(z))

pL(z) = L(zp) ≦ 2 · L(rad(xpypzp))

= 2 · L(rad(xyz))

≦ 2 · L(xyz) = 2(L(x) + L(y) + L(z))

Therefore

p(L(x) + L(y) + L(z)) ≦ 6(L(x) + L(y) + L(z)),

hencep ≦ 6.



But for exponentsn = 3,4,5,6 we already have proofs,
which were proved by Fermat, Euler, Dirichlet or Legendre,
so no three positive integersx, y, z such thatxp + yp = zp for
p > 2.

IV. Conclusion

In this paper, we review the derived logarithmic function
of Euler function and its extension which are defined by one
of authors. And also describe some nice linear property of the
function.

We perform some kind of calculation related to so-called
the “abc” problem on the derived logarithmic function by using
computer applications, and verified it up to a certain bound.

We also prove the same type of problem under a certain
condition. Finally state an “abc” problem as a open conjecture.
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